Lemmal2. 1.nb

Lemmal21:. Letn €N, n = Z2bearbitrary. Then,

n_1 . i a—
fCos”Ba%‘: wos™™ §-5ind + n- fCOSnQ de [1].
n n

Proof
This is an integral reduction formula, taken from Calculus and Analytic Geometry, 8lh Edition, by Thomas /Finney.
The reduction formula is given in the book, but no proof is provided. We will provide the proof of this reduction formula
here. Consider the R.H.S. of equation [1] above. Taking the derivative, with respectto 8, we have
d ( Cos™'.Sing - 1 fCOSnQ 6076) _ —(n—"1)Cos"?6-Sin” § + Cos" 0 LI ! s 24
de n n n n
where the result for the first term of the summand is obtained using the product rule for derivatives, and the second
term is obtained by the application of the Fundamental Theorem of Integral Calculus. Hence,

—(n—-1)Cos"29-Sin? ¢+ Cos" @ - 1 Cos™24 - h-NH-m-1 Cos™ 20+ n=1+1 B
n n n n
= Cos" @,
where we obtained this result using the relationship Cos? @+ Sin?e=1. Taking the derivative of the L H.S. of
equation [1] above, with respectto 8, we have

d d (Cos"19-Sine —1
Cos"@ = —- fCos” 0do = — ( oS il + 0 fCOSnQ aﬁ’@).
ade a0 n n

Thus, integrating with respectto @, we have

Cos"'9-Sing n-1
fCos”BaEB: = LI fCOSnQ de,
n n

which establishes the result of the Lemma. 5
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Lemmal22: Letk € Nbearbitrary. Then,
foos“eazza: P+Q+C,

where
b Z Cos?=0+19.5ing Hj-;}, QRk—-pH+1
- @k+DIT @K-»

{

k
=1
_ I @e-n+1

T @ k=)
C e Risaconstant.

8, and

Proof :
The proof is by mathematical induction, with respect to k. To establish the basis for induction, supposek = 1.
Then, applying the result from Lemma 12.1, we have

fCosZde’B: fCosZBd’B

_ Cos0-Sing ;_ f Cos’ 040

2
B Cos@-Sing@ N 0 LC
B 2 2
=P+Q+C,

which established the basis for induction. Now, suppose the resultholds for all f < k. We need to show that the
resultholds for/ = k + 1. So, applying the reduction formula from Lemma 12.1, we have

2k+1  ai
fCOSZ(k+1)Bd’B: Cos 0d-Sing ; 2k+1 fCos“ai’B
2+ 1) 2(k+1)

~ Cos2kt19.Sine 2k +1

ST +2(k+1) P+Q+0).
Now,
2k +1 K, Cos?®*19.Sing [T-f Qk—H+1)
20+ 4 20+ DT @ k=)
and
2k +1 :H#i11(2(k+1—f)+1)_9
2(k+1) M,@k+1-my
Also,
Cos?*19.Sing 2k +1 < Cos ™11 0. Sin O[T @k +1- )+ 1)

26+ 20+ 1) Qk+D+ DT @k+1-))

i=1
so that
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il Cog2k+1=-D+1 9. Sing Tt Qk+1-H+ 1D el Dtk +1 =i+ 1
fCosQ(k”)Bcﬂ’B:Z .’;_0 , " H‘Z;( Wr1-n+ )-6+C1,
1 (2(k+1)+1)H}20(2(k+1—})) [T @&k +1-m)
2k+1
where Cq = _2__(?_11_5 Cis aconstant. This establishes the induction step. Therefore, by mathematical induction
+

fCosszcﬂ’G: P+Q+C,
forallk € N, where
K Cog2k=D+1 Q.Singnj.jo Qh-p+D
= @k+DITE @Kk - )
_ T, @K=h+1) 0
[ @k -0

C € Risaconstant 4

and
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Lemma 123 Leta, b e Nforwhicha=2ki—1andb= 2k, -1 someky, k €N. Then,

t a b sin~ Vi
(1)fx2 (1=x2dx = 2f Sin**1¢9.Cos™ 1948
0 0

where0 <t <1, and

Sln‘1 %, a+_1 atl_;
(2)f Sin?*19.Cos 19 a0 = Z( ]( 2 j(Panrb . +Qa;b+1 )
where
e k Cosz(k‘””B-SinQHj;?J(Z(k— D+
e (2k+1)1_[};3(2(k—j))
and

_ H 1(2(k—")+1) 9
[ @ k-

b
k:i—;i—+1—1and6 Sin "Vt .

Proof :

t a b 1
(1) We ﬂrstonlyconsidertheintegralfo (1=x72 dx. Letu= \/; so that dfu = —2———\/_— dx. Now,
0

X
a 1
a X272
X2 odx = ——-dx
X
a+1
=2wWH 2 -du
=2 du

Thus,

t a Vit b
fx2(1—x)2 aﬁ’x—f 20 (1 - uH2 du.
0 0

Now, lety = Sind, sothatdu = Cos 0 d0. Here, 0 <u <1, sothat0 < Sin@® < 1. Hence,
0=Sin""(0) <8 < Sin"" (1) = ’25

so that

1 Sin~ 1 5 h
f 28 (1 —ud2 cﬁu—Zf nf'8(1-Sin“82 -Cos8d8a
Sin~ \/?
:2f Sin®*1 9 (Cos? 9)2 .Cos8 dé
0

sin- 1t
= 2f Sin®19.Cos? 0. Cos o do
0
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Sin 1Vt
:2f Sin®1a.Cos?* 0 d0.

0
t a b sin 1Vt _
Thus, fo (1-02dx=2 Sint*1g.Cost* ' 0 40 as desired
0 0
(2) Here,

sin~1 vt sin1 vt a1
f Slna+1B-COSb+1Bd’B:f (1-Cos2@) 2 -Cos® 1o ds.
0 0

1
Sincea=2kq—1,someks € N, thena + 1= 2kq. Thisimplies that E—;E— = ky € N. Hence,

at+1
we proceed to expand the term (1 — Cos?@) 2 . So,

a1

1 2, (&l 1
(1-Cos20) 7 = > { 2 ](1)' (—Costg) T
i=0 N

a1
7 at1

ﬁﬂ,; 2 Qﬂ,,‘
=> | 2 [=12 "(Coso) 2

{

=0
at1
2 a1 a+1-2i
:Z 2 [(=1) 2 "(Cosd) .
i=0

!

Thus,

sin~1 vt a+l
f (1-Cos?@) 2 -Cost*'odo
0

I
[
&
:|
A
e
.

= atl ;
( 2 J(—1)2’ (Cos 97121 Cos?* 1 g g0

i=0
5 1
a+ -
- Z (_5_](_1)651" me \/?Cosa‘*b”*?"ﬂd’ﬂ.
o \ i Y
Recall, inLemma 12.2, we showed that fCostB d0="FP,+Q+C,
where
5 K Cos?*19.8in0[TZh @Kk -)+1)
k —_—

p @k+ DT QK-

_O5ek=-D+D
[d@k-n

C € Risaconstant. Then, we have

2. fail atl . STt , 2,
2 (_ 1)_2__" f COSa+b+272f 6 cﬁg -
57 e >

and

&l el =sin~ 1Vt
2 =N (PMHI + Qa”’nr) | :
2

2 =0



Lemmal2. 3nb

The application of the lower limit of integration, 8 = 0, to each of the terms P 5,5 et Qab AP yields zero.
b - Lo

The application of our upper limit of integration, 8 = Sin™’ v, yields the desiredresult, specified by the Lemma.

a+1
Sin_1\/? . 2 _ail 7a+717.
Thus,j; Slna”B-Cosb”BcﬁB:ZO:( f ](—1) 2 ’(Pi;_b+1_f+Qa;—b+1—f)’
P
where
5 k Cos?®+19.Ging n;'.;g QCk-pH+1)
k= - )
= @k + DI @ K=y
and

o= U @ld+D
[T @k =)

k= -a--’2i£ +1—i and6=Sin"TVi,
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Lemma 125 Letc € N*bearbitrary, where N* =N | {0}. Then,
M Qe+1-p+h  heHvr
“o2(c+1-)) (c+1)!r(—c—%)'

Proof :

The proof is by mathematical induction, with respectto ¢. To establish the basis for induction, suppose thatc = .
[ Qe+1-p+D 1

Then, = — . Also,
H}:02(C+1—j) 2

Ve =NVr
C+D!T(-c— ) 1t.T(-7)

HC+1(2(C+1—j)+1)
T %2+ 1-))

so that the basis for induction holds. Now letc € Nbe arbitrary. Suppose the result holds forallk e N, k = ¢. We
need to show that the result holds for k = ¢ + 1. Here,

H}+2(2(c+2—j)+1) Qe+N+ DI Qe+2-)+1)
[1%52@c+2-)) Qe+ 1% 2@+2-))

 Re+N+N DT YR
(2(C+2))(C+1)'F( C__z_).

Now,
r(-e- _1_) _ T
2 TIL, Qi+ 1)
_ (_1)c+1 (2)c+1 \/;
I Qi+
c+1
- (_1)c+1 ____2____2/75_.
20+
Thus,

QE+D+DEDVr Qe+ D+ DN Va (14 Qi+ 1)
Qe+ e+ DT (-e=1) Qe+ e+ D1 Vi (1)

YR S @i+ )
(c+2120°2y/;r (—1)e+
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=12V 18 2+ 1)
(C+ 212642 V7 (—1)e+2

=DV

D2V
1 1
C+!T(-c+DH- .2_)

so that
H?i$(2(0+2—j)+1) _ (_1)c+2\/;
542 +2- ) C+NT(-c+DH-1)
c+1 :
e+ 1-p+1D e+t
as desired. Therefore, by mathematical induction HHC j : = (=D :
[Tio2+1-) C+ DT (o= 1)

ce N,

, forall
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m letd = g andletY ~ Beta(c, d).

Proposition 12.1 . Letn, m € Nbearbitraryandlet X ~ Fp . Letc = ol
Then,
PX=0=P(Y= ---TLX—-).D
n+m-x
Proof
We first note that the probability density function (p.d f.) for X is given by
r('m‘;_n) mrg ng x2 -
m+n ) 1{X>0}’

() =
T E) emen 2
where 14, is the indicator random variable, which takes the value of 1 if the event A occurs and takes the value of 0

otherwise. Then,

X c. d. -1
PX=x)= e
o (n+m-tetd
where K Te+d)
INGIN()]

X d. o1 X .nd . et
K f Mt gk f i dt.
o (n+m-te+d 0 notd.(14+ 2 f)°+d

Letu = il -t, sothatdu = _r_n_ dt. Hence, we have

n
u)cf1 p

x  omE.ond.ge! —ch
K\fo c+d T—Kf pne+d. (1+U)c+d “f_n_'d’u

netd. (14 2
7 "ch nd.nt-1.n g1 p
= u
netd . me=1.m (1 + u)c+d
Zix c—1

; u
=K |"
jo‘ (1 + U)c+d Y

u z
Lletz= —— sothatuy = -—. Thus,
U+ 1-z

= — dz.
-2
Thus, we have
Ty ye? TEF.X._H Z o1 1 1
K f m e du=K f " ( ) : : dz
o (+uwerd 0 f=2/ (142 (-2
-z

_« _m_xﬁ 70— 1 (1 )c+d
- (1 — z)e+1
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X

= Kf"””zc‘1-(1 ~- 2% gz
0

m-x
=PV )

Therefore, P(X < x) = P(Y < ———rp—lx——), as desired.
m-x+n

We should note that the Beta Distribution p.d f. is defined for z € (0, 1). Here, 0 < _mx < 1, sothat our
m-x+n

proposition holds. g
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wherec, d = 1. Then,

—_

c—

MHPX=x)=K

4 — i Yerd=(i+D)
(011)(_1)””0[ (o) ] ifceN,

Nag

c+d—-(+1
d-1 g1 . (__@1_)c+d7(1'+1)
@ PX=x)=K ( , )(—1)"‘(’*“- PAmX T ifd eN, and
= ] c+d-(3+1
261

7 2¢-1 261
@ PX=x)=2K Z [ 2 J(—1)2’ (Perdg-1-i + Qeig1-p), ifcNd &N, where
=0 !

kK Cos2k=0+1g.5inp Hf;l?; Qk-H+1D
= Ck+DITZ @ Kk— )

T @Uk-n+D 3
15 @ k=)

Py =

k=c+d-1-i andd = Sin™"

Proof
(1) Recall, in Proposition 12.1 we showed that P (X < x) = P (Y = ———T—i-—). Now,
m-xX+n
m-x ATE
P (Y < -—-—————) =K | ™1 T gz
m-x+n 0

Letu=1—-2z Thendu = —dz sothat

_mx_ _n_
Kfm'”” -2 dz = —Kfm'”” (1 -w v qu
0 1

1
:Kfn A-uwyf i qu

mx+n

—_

c—

c—1
The binomial expansion of the term (1 — t)°~ isZ ( ; )(—1)0(”‘) M) 5o that

1=

1 1 ¢c—1
Kf ) (1—u)°1ud1a€u:Kf .
X TxEn i=0

(C 7 1) (— 1)07(1+D (u)cf(1+1) ud71 du

c—

_K (C_ 1) (1D f1 11 gy,
i f

1
=0 mx+n
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-1 _{__n yerd-(i+1
—K X (C _ 1) (_1)0—(1+r') [ 1 ( mX+n ) ]
i , :

P c+d—01+1)

1_ ( n _)c+d—(1'+1)

c-1
-1
Thus, P (X = x) = KZ (C ; )(—1)"(1*’)[ C:’;*_" ah ] as the proposition suggests.

@) The binomial expansion for the term (1 — 2)%~ 1ofthemtegrallv(fmx”zc Ta-dzis

a1 1
_ Ad-1 = e ond=(14D
(1-2) Z( , )(1)( 2)
=0
d-1
(d - 1) (1) (gyd=C1+h
i=0 ’
Thus,
X d-1
Kfmx+nzc 1(1 )d_1d’2 m-x+n 5 1 ( . )(_1)d—(1+r') (Z)d—(1+r) dz
0 =0
d-1 d—1 mx .
KZ( )( 1yd-C1+ mx+nzc—1+d—1—rd;z
=0
d—1 _mx \e+d-(i+1)
=K (d 1)( d (1+hH mx+n)
— c+d-G+1
=0
d—1 ( mx )c+d—(1'+1)
Thus, ifd e N, thenP(Y < -————————) =K ( . )( qyd-(+h _mxen , as the proposition
m-X+n e c+d—(0+1)
suggests.
(3) Again, recallin Proposition 12.1, we showed thatP (X = x) = P (Y = ———T—;X——). Now,
m-x+n
m-x X
P(Y< ————————) =K | ™ty gz
m-x+n 0

wheree, d=1,¢cNdeQ. Letg =c¢—1,andlet g =d—1. Thisimpliesthata=2(c- 1)andb=2(d - 1).

Thus, Lemma 12 .3 provides that

Sin~1
Kf”'”””zc (1 - d1a§’z—2Kf mH”S|2°16 Cos?? 1o a0

] 2¢-1 261
=2K Z 211 2 (Perdg—1-i + Qesg—1-),

where
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k Cos?®0t19.Sing Hj;% Ck-pH+1

Ph= P :
i=1 (2k+1)H}:0(2(k_J'))

k o
Q= Hf_l(f(k ’)+1)B
[T @ k-1

m-x .
_________ -, as desired.
n+m-x

k=c+d-1-i and® = Sin"

2¢-1

2 26-1
Therefore, ifc N d ¢ N, thenP(X = x)=2K Z {
i=0

=
i

|

201
(-1 2 Peg1i+Qcig-1-m



